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FOUR-DIMENSIONAL PSEUDO-RIEMANNIAN
HOMOGENEOUS RICCI SOLITONS
GIOVANNI CALVARUSO AND ANNA FINO
Abstract. We consider four-dimensional homogeneous pseudo-Riemannian manifolds with
non-trivial isotropy and completely classify the cases giving rise to non-trivial homogeneous
Ricci solitons. In particular, we show the existence of non-compact homogeneous (and also
invariant) pseudo-Riemannian Ricci solitons which are not isometric to solvmanifolds, and of
conformally flat homogeneous pseudo-Riemannian Ricci solitons which are not symmetric.
1. Introduction
Ricci solitons were introduced by Hamilton [19] and they are a natural generalization of
Einstein metrics. A pseudo-Riemannian metric g on a smooth manifold M is called a Ricci
soliton if there exists a a smooth vector field X, such that
(1.1) LXg + ̺ = λg,
where LX denotes the Lie derivative in the direction of X, ̺ denotes the Ricci tensor and λ
is a real number. A Ricci soliton g is said to be a shrinking, steady or expanding according
to whether λ > 0, λ = 0 or λ < 0, respectively.
Ricci solitons are the self-similar solutions of the Ricci flow and are important in under-
standing its singularities. A survey and further references on the geometry of Ricci solitons
may be found in [13]. The interest in Ricci solitons has also risen among theoretical physicists
in relation with String Theory [1],[18],[22]. After their introduction in the Riemannian case,
the study of pseudo-Riemannian Ricci solitons attracted a growing number of authors (see
for instance [3]-[10],[14],[30]).
If M = G/H is a homogeneous space, a homogeneous Ricci soliton on M is a G-invariant
metric g for which equation (1.1) holds. In particular, by an invariant Ricci soliton we mean
a homogeneous one, such that equation (1.1) is satisfied by an invariant vector field. It is
a natural question to determine which homogeneous manifolds G/H admit a G-invariant
Ricci soliton [26]. All known examples of homogeneous Riemannian Ricci soliton metrics on
non-compact homogeneous manifolds are isometric to some solvsolitons, that is, to invariant
Ricci solitons on a solvable Lie group ([21, Remark 1.5]).
The difference between Riemannian and pseudo-Riemannian settings lead to different re-
sults concerning the existence of homogeneous Ricci solitons. In fact, although there exist
three-dimensional Riemannian homogeneous Ricci solitons [2],[26], there are no left-invariant
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2Ricci solitons on three-dimensional Riemannian Lie groups [15], while left-invariant Ricci soli-
tons on three-dimensional Lorentzian Lie groups were classified in [3]. Four-dimensional Ricci
solitons on non-reductive homogeneous pseudo-Riemannian manifolds (which do not have a
Riemannian countepart, as a homogeneous Riemannian manifold is necessarily reductive)
were classified in [10].
In the present article we provide a full classification of four-dimensional homogeneous
pseudo-Riemannian Ricci solitons in all the cases with non-trivial isotropy. The starting
point is the complete local classification of four-dimensional homogeneous pseudo-Riemannian
manifolds with non-trivial isotropy obtained in [23] (see also [24]), leading to the remarkable
number of 186 different forms of these spaces. Each of them admits a family of invariant
pseudo-Riemannian metrics, depending of a number of real parameters varying from 1 to 4.
Among them, we were able to determine 44 different examples of homogeneous spaces M =
G/H for which equation (1.1) holds for some vector fields X ∈ m and some invariant metrics
which are not Einstein. In particular, for 41 of these examples, equation (1.1) is satisfied by
an invariant vector field. Some of these examples show that there exist homogeneous (and
also invariant) pseudo-Riemannian Ricci solitons which are not isometric to solvsolitons.
In the Riemannian case, most of the known examples of non-trivial Ricci solitons are
Ka¨hler-Ricci solitons, with the exception of the homogeneous solitons on nilpotent Lie groups
[25], the rotationally symmetric Bryant solitons on Rn (n > 2), Ivey’s generalization of these
solutions [20] and the complete steady gradient Ricci solitons constructed in [16]. By using
the results in [11] we show that none of the four-dimensional non-trivial pseudo-Riemannian
homogeneous Ricci solitons is Ka¨hler.
Conformally flat Einstein pseudo-Riemannian manifolds have constant sectional curvature.
In particular, they are symmetric. Conformally flat homogeneous Riemannian manifolds are
always symmetric [32]. On the other hand, some of our examples show the existence of
conformally flat homogeneous pseudo-Riemannian Ricci solitons which are not symmetric.
The paper is organized in the following way. In Section 2, we shall report some basic facts
on four-dimensional homogeneous pseudo-Riemannian manifolds with non-trivial isotropy.
The classification of homogeneous solutions to (1.1) will be then presented in Section 3.
In Section 4 we shall investigate several geometric properties of four-dimensional pseudo-
Riemannian homogeneous Ricci solitons (with non-trivial isotropy). In particular, we show
the non-existence of pseudo-Ka¨hler examples, i.e., solutions corresponding to holomorphic
vector fields X ∈ m, and we classify the conformally flat examples.
Acknowledgements. We would like to thank Maria Buzano, Eduardo Garcia-Rio, Amirhe-
sam Zaeim and the anonymous referee for useful comments on the paper.
2. Preliminaries
Let M be a homogeneous space, H = Hx the stabilizer of an arbitrary point x of M , and
(g, h) the pair of Lie algebras corresponding to the pair (G,H) of Lie groups. As remarked
in [24], the pair (g, h) locally uniquely defines the homogeneous space.
With regard to four-dimensional pseudo-Riemannian homogeneous spaces, the classifica-
tion obtained by Komrakov [23, 24] starts with the list of subalgebras in the Lie algebras so(4),
3so(3, 1) and so(2, 2). Up to conjugacy, Lie algebras so(4), so(3, 1) and so(2, 2) respectively
admit 6, 14 and 28 distinct Lie subalgebras (some of them depending on parameters).
Given a subalgebra h of either so(4), so(3, 1) or so(2, 2), assuming that h acts naturally
on R4, there is a one-to-one correspondence between faithful generalized modules (h,R4) and
corresponding subalgebras of so(p, q). This leads to determine 186 distinct models of four-
dimensional homogeneous pseudo-Riemannian manifolds with non-trivial isotropy. Following
the notation and the classification used in [24], the space identified by the type n.mk.q is
the one corresponding to the q-th pair (g, h) of type n.mk, where n = dim(h) (= 1, .., 6), m
is the number of the complex subalgebra hC of so(4,C) and k is the number of the real form
of hC. When the index q is omitted, one refers simultaneously to all homogeneous spaces
corresponding to pairs (g, h) of type n.mk.
Consider now an arbitrary pair (g, h) (that is, the corresponding homogeneous space M =
G/H, with H connected). Let m = g/h denote the four-dimensional factor space, which
identifies with a subspace of g complementary to h. The different cases are explicitly described
in [24], listing a basis {ej} of h, a basis {ui} of m and their Lie brackets. The pair (g, h)
uniquely defines the isotropy representation
ψ : h→ gl(m), ψ(x)(y) = [x, y]m for all x ∈ h, y ∈ m.
A bilinear form B on m is invariant if and only if ψ(x)t ◦B+B ◦ψ(x) = 0, for all x ∈ h, where
ψ(x)t denotes the transpose of ψ(x). In particular, requiring that B = g is symmetric and
nondegenerate, this leads to the classification of all invariant pseudo-Riemannian metrics on
G/H.
With regard to curvature properties, following [24], an invariant nondegenerate symmet-
ric bilinear form g on m uniquely defines its invariant linear Levi-Civita connection ∇, de-
scribed in terms of the corresponding homomorphism of h-modules Λ : g→ gl(m), such that
Λ(x)(ym) = [x, y]m for all x ∈ h, y ∈ g. Explicitly, one has
(2.1) Λ(x)(ym) =
1
2
[x, y]m + v(x, y), for all x, y ∈ g,
where v : g× g→ m is the h-invariant symmetric mapping uniquely determined by
2g(v(x, y), zm) = g(xm, [z, y]m) + g(ym, [z, x]m), for all x, y, z ∈ g.
The curvature tensor is then determined by the mapping R : m×m→ gl(m), such that
(2.2) R(x, y) = [Λ(x),Λ(y)] − Λ([x, y]),
for all x, y ∈ m. Finally, the Ricci tensor ̺ of g, described in terms of its components with
respect to {ui}, is given by
(2.3) ̺(ui, uj) =
4∑
r=1
Rri(ur, uj), i, j = 1, .., 4.
It must be noted that whenever X =
∑
xkuk ∈ m, equation (1.1) reads as a system of
algebraic equations for the components xk of X, namely,
(2.4)
4∑
k=1
xk
(
g([uk, ui], uj) + g(ui, [uk, uj ])
)
+ ̺(ui, uj) = λgij , i, j = 1, .., 4.
4We shall now describe only the homogeneous pseudo-Riemannian four-manifolds G/H
which will appear in the classification of non-trivial Ricci solitons. For each of the different
cases, numbered as in [24], we shall report the nonvanishing Lie brackets with respect to the
basis {uj} of m and the basis {ei} of h, the generic invariant pseudo-Riemannian metrics g
and the corresponding Ricci tensor ̺ with respect to {uj}. Denoted by {θj} the basis of
1-forms dual to {uj}, we shall use the following notations: θi ◦ θj = 12 (θi ⊗ θj + θj ⊗ θi),
θ2i = θi ◦ θi, for all indices i, j. The Ricci tensor with respect to the basis {ui} has been
computed by using (2.3) and Maple 16 c©.
1.11) [e1, u1] = u1, [e1, u3] = −u3, so that the invariant metrics are given by
g = aθ1 ◦ θ3 + bθ22 + cθ2 ◦ θ4 + dθ24 , a(bd− c2) 6= 0.
The possible cases are the following.
1.11.1 : [u1, u3] = u2, [u2, u4] = u2, [u3, u4] = u3;
̺ = − b(2a2+c2−bd)2a(bd−c2) θ1 ◦ θ3 − b
2(4a2+bd−c2)
2a2(bd−c2) θ
2
2 − bc(4a
2+bd−c2)
2a2(bd−c2) θ2 ◦ θ4 − c
2a2+bdc2−c4+3ba2d
2a2(bd−c2) θ
2
4 .
1.11.2 : [u2, u4] = pu2, [u3, u4] = u3, p ∈ R;
̺ = − ab(p+1)2(bd−c2)θ1 ◦ θ3 −− b
2p(p+1)
bd−c2
θ22 − bcp(p+1)bd−c2 θ2 ◦ θ4 − 2c
2p+bd−c2+2bdp2
2(bd−c2) θ
2
4
1.11.5 : [u1, u3] = e1, [u2, u4] = u2;
̺ = −θ1 ◦ θ3 − b2bd−c2 θ22 − bcbd−c2 θ2 ◦ θ4 − bdbd−c2 θ24
1.12) [e1, u1] = u3, [e1, u3] = −u1, so that the invariant metrics are given by
(2.5) g = aθ21 + bθ
2
2 + cθ2 ◦ θ4 + aθ23 + dθ24 , a(bd− c2) 6= 0.
The possible cases are the following.
1.12.1 : [u1, u3] = −u2, [u1, u4] = u1, [u2, u4] = 2u2, [u3, u4] = u3;
̺ = − (8a2+bc−d2)b2a(bc−d2) θ21 − (16a
2
−bc+d2)b2
2a2(bc−d2) θ
2
2 − (16a
2
−bc+d2)bd
2a2(bc−d2) θ2 ◦ θ4 − (8a
2+bc−d2)b
2a(bc−d2) θ
2
3
− 12a2bc+4a2d2−bcd2+d42a2(bc−d2) θ24 .
1.12.2 : [u1, u4] = u1, [u2, u4] = pu2, [u3, u4] = u3, p ∈ R;
̺ = −ab(p+2)
bc−d2
θ21 − b
2p(p+2)
bc−d2
θ22 − bdp(p+2)bc−d2 θ2 ◦ θ4 − ab(p+2)2bc−d2 θ23 − bc(p
2+2)+2d2(p−1)
bc−d2
θ24.
1.12.6,1.12.7 : [u1, u3] = εe1, [u2, u4] = u2;
̺ = εθ21 − b
2
(bc−d2)2 θ
2
2 − bd(bc−d2)θ2 ◦ θ4 + εθ23 − bc(bc−d2)θ24,
where ε = 1 for 1.12.6 and ε = −1 for 1.12.7.
1.31) [e1, u3] = u1, [e1, u4] = u2, so that the invariant metrics are given by
g = aθ1 ◦ θ4 − aθ2 ◦ θ3 + bθ23 + cθ3 ◦ θ4 + dθ24 , a 6= 0.
The possible cases are the following.
1.31.1 : [u1, u2] = − 12u2, [u1, u3] = u1 [u1, u4] = 12u4, [u2, u3] = 12u4;
̺ = 3d8aθ1 ◦ θ4 − 3d8aθ2 ◦ θ3 + 3(6bd−5c
2)
8a2 θ
2
3 +
3cd
8a2 θ3 ◦ θ4 + 3d
2
8a2 θ
2
4 .
51.31.2 : [u1, u3] = −pe1 + (p+ 1)u1 + pu2, [u2, u4] = u2, |p| ≤ 1;
̺ = − 12 (p2 + 1)θ23 + 12 (p+ 1)θ3 ◦ θ4 − 12θ24 .
1.31.3 : [u1, u3] = u1, [u2, u4] = u2, [u3, u4] = e1;
̺ = − 12θ23 + 12θ3 ◦ θ4 − 12θ24
1.31.5 : [u1, u3] = − p
2+q
q−1 e1 +
1+p2
q−1 u2, [u1, u4] = pe1 + u1 + pu2, [u2, u3] = pe1 + u1 + pu2,
[u2, u4] = −qe1 + (q + 1)u2, p ≥ 0, q 6= 1;
̺ = − p2+p2q−2q+42(q−1) θ23 − 12pqθ3 ◦ θ4 + (q − 12q2)θ24.
1.31.6 : [u1, u3] = −u2, [u1, u4] = u1, [u2, u3] = u1, [u2, u4] = u2, [u3, u4] = e1; ̺ = 2θ23.
1.31.7 : [u1, u3] =
1
1+pe1 +
p
1+pu1 − 11+pu2, [u1, u4] = − 11+pe1 + 11+pu1 + 11+pu2,
[u2, u3] = − 11+pe1 + 11+pu1 + 11+pu2, [u2, u4] = − p1+pe1 + p1+pu1 + 1+2p1+p u2, p 6= −1;
̺ = − p−12(p+1)θ23 + pp+1θ3 ◦ θ4 − pp+1θ24 .
1.31.8 : [u2, u3] = u1, [u2, u4] = u2, [u3, u4] = −u3; ̺ = − 12θ24.
1.31.9 : [u2, u3] = pu1, [u2, u4] = −pe1 + (p+ 1)u2, [u3, u4] = −pu3, p 6= 0;
̺ = (p− 12p2 − 12 )θ24 .
1.31.11 : [u2, u3] = −u1, [u2, u4] = e1, [u3, u4] = e1 + u3; ̺ = −2θ24.
1.31.12 : [u1, u4] = u1, [u2, u3] = qu1, [u2, u4] = −pqe1 + (p+ q)u2, [u3, u4] = (1− q)u3,
p, q ∈ R; ̺ = 1−(p−q)22 θ24 .
1.31.13 : [u1, u4] = u1, [u2, u3] =
1
2u1, [u2, u4] = − p2e1 + (p+ 12 )u2, [u3, u4] = e1 + 12u3,
p ∈ R; ̺ = 3+4p−4p28 θ24 .
1.31.14 : [u1, u4] = u1, [u2, u3] = (1− p)u1, [u2, u4] = p(p− 1)e1 + u2, [u3, u4] = e1 + pu3,
p 6= 12 ; ̺ = 2p(1− p)θ24 .
1.31.19 : [u1, u4] = u1, [u2, u3] = u1, [u2, u4] = −e1 + u1 + 2u2; ̺ = 12θ24 .
1.31.20 : [u2, u3] = u1, [u2, u4] = −u1 + u2, [u3, u4] = −u3; ̺ = − 12θ24 .
1.31.21 : [u1, u4] = u1, [u2, u3] = pu1, [u2, u4] = −pe1 + (1 − p)u1 + (1 + p)u2,
[u3, u4] = (1− p)u3 p 6= 1;
̺ = (p− 12p2)θ24 .
1.31.22 : [u1, u4] = u1, [u2, u3] =
1
2u1, [u2, u4] = − 12e1 + 12u1 + 32u2, [u3, u4] = e1 + 12u3;
̺ = 38θ
2
4 .
1.31.28 : [u1, u3] = 2u1, [u1, u4] = 2u2, [u2, u3] = u2, [u2, u4] = e1 − 12u1, [u3, u4] = u4;
̺ = − 32θ23 − 12θ24.
1.41) [e1, u2] = u1, [e1, u3] = u2, so that the invariant metrics are given by
g = −aθ1 ◦ θ3 + aθ22 + bθ23 + cθ3 ◦ θ4 + dθ24 , ad 6= 0.
6The possible cases are the following.
1.41.2 : [u1, u4] = pu1, [u2, u4] = (p− 1)u2, [u3, u4] = (p− 2)u3, p ∈ R;
̺ = 3a(p−1)
2
d
θ1 ◦ θ3 − 3a(p−1)
2
d
θ22 − b(3p
2
−9p+8)
d
θ23 − 3c(p−1)
2
d
θ3 ◦ θ4 − 3(p− 1)2θ24.
1.41.9 : [u1, u3] = u1, [u2, u3] = re1 + u2 + u4, [u3, u4] = pu4, p, r ∈ R;
̺ = −(r + d2a + p2 + p)θ23.
1.41.10 : [u1, u3] = u1, [u2, u3] = re1 + u2, [u3, u4] = pu4, p, r ∈ R; ̺ = −(r + p2 + p)θ23.
1.41.11 : [u1, u3] = u1, [u2, u3] = re1 + u2 + u4, [u3, u4] = u1 − u4, r ∈ R; ̺ = −(r + d2a )θ23 .
1.41.12 : [u1, u3] = u1, [u2, u3] = re1 + u2, [u3, u4] = u1 − u4, r ∈ R; ̺ = −rθ23 .
1.41.15,1.41.16,1.41.17 : [u2, u3] = εe1 + u4, [u3, u4] = u1, ε = 1,−1, 0; ̺ = −(ε+ d2a )θ23 .
1.41.21,1.41.22 : [u2, u3] = εe1, [u3, u4] = u1, ε = 1,−1; ̺ = −εθ23.
2.21) [e1, u1] = u1, [e1, u3] = −u3, [e2, u2] = u1, [e2, u3] = −u4, so that the invariant metrics
are given by
g = aθ1 ◦ θ3 + cθ22 + aθ2 ◦ θ4 + bθ23, a 6= 0.
The possible cases are the following.
2.21.2 : [u1, u2] = e2, [u1, u3] = u4, [u2, u3] = (p− 1)u3, [u2, u4] = pu4, [u1, u4] = pu1,
[u2, u4] = (p− 1)u2, [u3, u4] = (p− 2)u3, p ∈ R; ̺ = p
2
−4
2 θ
2
2.
2.21.3 : [u2, u3] = u3, [u2, u4] = u4; ̺ =
1
2θ
2
2.
2.51) [e1, u2] = u1, [e1, u3] = −u4, [e2, u3] = −u2, [e2, u4] = u1, so that the invariant metrics
are given by
g = aθ1 ◦ θ3 + aθ2 ◦ θ4 + bθ23, a 6= 0.
The possible cases are the following.
2.51.3 : [u1, u3] = u1, [u2, u3] = e1 + re2 + (1− h)u2, [u2, u4] = hu1,
[u3, u4] = −(r + h)e1 + se2 − (1 + h)u4, h ≥ 0 if s 6= 0;
̺ = (2r + h− h22 )θ23 .
2.51.4 : [u1, u3] = u1, [u2, u3] = re2 + (1 − h)u2, [u2, u4] = hu1,
[u3, u4] = −(r + h)e1 − (1 + h)u4, [u2, u3] = u3, [u2, u4] = u4 h ≥ 0, r ∈ R;
̺ = (2r + h− h22 )θ23 .
2.52.2 : [e1, u2] = u1, [e1, u3] = −u2, [e2, u3] = u4, [e2, u4] = −u1,
[u1, u3] = u1, [u2, u3] = (p+ s)e1 + re2 + u2 − 2ru4, [u2, u4] = 2ru1,
[u3, u4] = −re1 + (p− s)e2 − 2ru2 − u4, p ∈ R, r, s ≥ 0.
The invariant metrics and their Ricci tensor are given by
g = aθ1 ◦ θ3 + bθ22 + bθ23 + aθ24, a 6= 0, ̺ = 2(p+ r2)θ33 .
3.31.1 : [e1, u2] = u2, [e1, u4] = −u4, [e2, u2] = u1, [e2, u3] = −u4, [e3, u3] = −u2, [e3, u4] = u1,
[u1, u3] = u1, [u2, u3] = pe3 + u2, [u3, u4] = −pe2 − u4, p ∈ R.
7The invariant metrics and their Ricci tensor are given by
g = aθ1 ◦ θ3 + aθ2 ◦ θ4 + bθ23, a 6= 0, ̺ = 2pθ23.
3.32.1 : [e1, u2] = u4, [e1, u4] = −u2, [e2, u2] = u1, [e2, u3] = −u2, [e3, u3] = u4, [e3, u4] = −u1,
[u1, u3] = u1, [u2, u3] = pe2 + u2, [u3, u4] = pe3 − u4, p ∈ R.
The invariant metrics and their Ricci tensor are given by
g = aθ1 ◦ θ3 + aθ22 + bθ23 + aθ24 , a 6= 0, ̺ = 2pθ23.
Remark 2.1. Note that the expressions of the isotropy in cases 1.11, 1.12 and 2.21 given in [24]
are more general than the ones we reported above, but only in the cases we listed they give rise to
non-trivial homogeneous Ricci solitons.
3. Classification of four-dimensional homogeneous Ricci solitons
Solving equation (1.1) for every four-dimensional homogeneous pseudo-Riemannian manifold M =
G/H with non-trivial isotropy, described in [24], we can show the following classification result.
Theorem 3.1. The only four-dimensional pseudo-Riemannian homogeneous spaces M = G/H with
non-trivial isotropy, admitting a non-trivial homogeneous pseudo-Riemannian Ricci soliton g satisfying
equation (1.1) for some vector field X ∈ m and λ ∈ R, are listed in the following Table I, where the
checkmark “X”means that all homogeneous pseudo-Riemannian spaces of that given form are Ricci
solitons.
Case Condition Case Condition Case Condition
1.11.1 b = 0 6= d 1.11.2 p 6= 12 1.11.5 X
1.12.1 X 1.12.2 p 6= 1 1.12.6,7 X
1.31.1 X 1.31.2 p = 0 1.31.3 X
1.31.5 q = 0 1.31.6 X 1.31.7 p = 0
1.31.8 X 1.31.9 p 6= 1 1.31.11 X
1.31.12 X 1.31.13
p = 0 or
4p2 − 4p− 3 6= 0 1.3
1.14 p(p− 1) 6= 0
1.31.19 X 1.31.20 X 1.31.21 p(p− 2) 6= 0
1.31.22 X 1.31.28 X 1.41.2 p = 1
1.41.9 X 1.41.10 r + p(p+ 1) 6= 0 1.41.12 X
1.41.15 X 1.41.16 X 1.41.17 X
1.41.21 X 1.41.22 X 2.21.2 p 6= ±2
2.21.3 X 2.51.3 2r + h− 12h2 6= 0 2.51.4 2r + h− 12h2 6= 0
2.52.2 p 6= −r2 3.31.1 p 6= 0 3.32.1 p 6= 0
Table I: Homogeneous pseudo-Riemannian 4-spaces admitting Ricci solitons
Proof. The complete classification follows from a case-by-case argument. One first excludes the case
where [ui, uj]m = 0 for all indices i, j. In fact, in such a case, any vector field X ∈ m is Killing
and so, equation (2.4) reduces to the Einstein equation ̺ = λg. In the remaining cases, we computed
the Levi-Civita connection and the Ricci tensor using (2.1) and (2.3) and solved (2.4). When some
solutions of (2.4) were found, we excluded the Einstein cases (trivial Ricci solitons) and checked the
invariancy of the solution under the isotropy action.
8As an example, we report here the calculations for cases 1.12.6 and 1.12.7, where both invariant
and not invariant solutions of (2.4) occur. So, letM = G/H be a four-dimensional homogeneous space,
such that the Lie algebra g and the isotropy subalgebra h are determined by conditions [e1, u1] = u3,
[e1, u3] = −u1, [u1, u3] = εe1 and [u2, u4] = u2.
We first determine invariant pseudo-Riemannian metrics onM , which are the same for all the cases
1.12 corresponding to non-trivial Ricci solitons. Starting from an arbitrary bilinear symmetric form g,
the isotropy representation as described by [e1, u1] = u3, [e1, u3] = −u1 easily yields that g is invariant
(that is, ψ(e1)
t ◦ g + g ◦ ψ(e1) = 0) if and only if g is of the form given in (2.5). We then apply (2.1)
to compute Λ(ui) for all indices i = 1, .., 4, so describing the Levi-Civita connection of g. We get
Λ(e1) =


0 0 −1 0
0 0 0 0
1 0 0 0
0 0 0 0


and
Λ(u1) = 0, Λ(u3) = 0,
Λ(u2) :=


0 0 0 0
0 bd
bc−d2
0 bc
bc−d2
0 0 0 0
0 − b2
bc−d2
0 − bd
bc−d2

 , Λ(u4) :=


0 0 0 0
0 d
2
bc−d2
0 cd
bc−d2
0 0 0 0
0 − bd
bc−d2
0 − d2
bc−d2

 .
The curvature and Ricci tensors can be now deduced from the above formulas by a direct calculation
applying (2.2) and (2.3). In particular, the Ricci tensor has the form
(3.1) ̺ = εθ21 − b
2
bc−d2
θ22 − bdbc−d2 θ2 ◦ θ4 + εθ23 − bcbc−d2 θ24 .
Moreover, it is easily seen from (2.5) and (3.1) that the manifold (M = G/H, g) is Einstein if and
only if ε
a
= − b
bc−d2
.
We now consider an arbitrary vector field X =
∑4
k=1 xkuk ∈ m and a real constant λ and write
down (2.4). We find that X and λ determine a Ricci soliton if and only if the components xk of X
with respect to {uk} and λ satisfy
(3.2)


ε− aλ = 0,
b
(
(bc− d2)(λ− 2x4) + b
)
= 0,
(bc− d2) (bx2 − dx4 + dλ) + bd = 0,
(bc− d2) (2dx2 + cλ) + bc = 0.
It must be noted that components x1, x3 do not appear in (3.2). We now solve the system (3.2).
Taking into account a(bc− d2) 6= 0 and excluding the Eistein cases, we find λ = ε
a
(and so, the Ricci
solitons are not steady), b = 0 and
x2 = − εc2ad , x4 = εa ,
for any real value of x1, x3. Thus, X = x1u1 − εc2adu2 + x3u3 + εau4. Finally, again by [e1, u1] =
u3, [e1, u3] = −u1 we see at once that X ∈ m is invariant if and only if X ∈ Span{e2, e4}. Therefore,
there exists a two-parameter family of non-trivial (steady) Ricci solitons on (M = G/H, g) determined
by vector fields X ∈ m of the above form, but among them, only X = − εc2adu2 + εau4 is invariant and
so, determines a homogeneous Ricci soliton.
By similar computations we conclude that the following cases occurs:
1.11.1 : g with b = 0 6= d, λ is arbitrary and X = 4a2+d2−2ca2λ8a2d u2 + 12λu4 (invariant).
91.11.2 : the possible cases are the following:
(1) p = 1, g with b = 0 6= c, λ is arbitrary and X = x1u1 − 2dλ−14c u2 + λu4 (invariant if x1 = 0).
(2) p 6= 12 , g with b = 0 6= c, λ = 0 and X = x1u1 + 2p−14pc u2 (invariant if x1 = 0).
1.11.5 : g with b = 0, λ = − 1
a
and
X = x1u1 +
d
2acu2 + x3u3 − 1au4 (invariant if x1 = x3 = 0).
1.12.1 : g with b = 0, λ is arbitrary and X = 4a
2+d2−2λa2c
8a2d u2 +
1
2λu4 (invariant).
1.12.2 : p 6= 0, 1, g with b = 0, λ = 0 and X = p−1
dp
u2 (invariant).
1.12.6 and 1.12.7: g with b = 0, λ = ε
a
and
X = x1u1 − εc2adu2 + x3u3 + εau4 (invariant if x1 = x3 = 0).
1.31.1: g with d = 0 6= c, λ = 0 and X = − 15c8a2 u2 (invariant).
1.31.2 : p = 0, g with d = b 6= 0, λ = − 12b and X = x1u1 +
(
x1 − b+c2ab
)
u2 − 12bu3 − 12bu4.
1.31.3 : g with d = b 6= 0, λ = − 12b and X = x1u1 +
(
x1 − b+c2ab
)
u2 − 12bu3 − 12bu4.
1.31.5 with one of the following conditions:
(1) p = q = 0, g with c = 0, b 6= d, λ = 2
b−d
and X = − dλ2au1 + x2u2 + λu4.
(2) q = 0 6= p, g is arbitrary, λ = 0 and X = − p2+44ap u2 (invariant).
1.31.6 : g satisfies c = 0 6= b− d, λ = 2
b−d
and X = − d
a(b−d)u1 + x2u2 +
2
b−d
u4.
1.31.7 : p = 0, g is arbitrary, λ = 0 and X = − 14au2 (invariant).
1.31.8 : g with b = 0, c 6= 0, λ = 0 and X = x1u1 + x2u2 + 14cu3.
1.31.9 : p 6= 1, g is arbitrary, λ = 0 and X = x1u1 − (p−1)
2b
4ac u2 +
(p−1)2
4cp u3.
1.31.11 : g with c 6= 0, λ = 0 and X = x1u1 − b2acu2 − 12cu3.
1.31.12 with one of the following conditions:
(1) (p− q)2 6= 1, g is arbitrary, λ = 0 and X = − (p−q)2−14a u1 (invariant).
(2) p = q = 0, g is arbitrary, λ = 0 and X = − 14au1 + x2u2 (invariant).
(3) p = q = 0, g with b = 0, λ = a(6= 0) and X = 2ad−14a u1 + x2u2 − au4.
(4) p = 0, q = 12 , g with c = 0, λ = a(6= 0) and X = 8ad−316a u1 + x2u2 − au3.
1.31.13 with one of the following conditions:
(1) 4p2 − 4p− 3 6= 0, g is arbitrary, λ = 0 and X = 4p−4p2+316a u1 (invariant).
(2) p = 0, g with b = c = 0, λ is arbitrary and
X = − 8dλ+316a u1 + x2u2 + λu4 (invariant if λ = 0).
1.31.14 : p(p− 1) 6= 0, g is arbitrary, λ = 0 and X = − p(p−1)
a
u1 (invariant).
1.31.19 : g is arbitrary, λ = 0 and X = 14au1 (invariant).
1.31.20 with one of the following conditions:
(1) g is arbitrary, λ = 0 and X = x1u1 +
1
4au2 (invariant).
(2) g with b = 0, λ = 0 and X = x1u1 − 4cx3+14a u2 + x3u3 (invariant if x3 = 0).
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1.31.21 : p(p− 2) 6= 0, g is arbitrary, λ = 0 and X = − p(p−2)4a u1 (invariant).
1.31.22 : g is arbitrary, λ = 0 and X = 316au1 (invariant).
1.31.28 : g with c = 0 and b− 6d 6= 0, λ = 12(b−6d) and X = x1u1 + b−9d2a(b−6d)u2 − 12(b−6d)u3.
1.41.2 : p = 1, g is arbitrary, λ = 0 and X = − 1
d
( c
a
u1 + u4) (invariant).
1.41.9 with one of the following conditions:
(1) g with d+ 2ra+ 2ap(p+ 1) 6= 0, λ = 0 and X = d+2ra+2ap(p+1)4a2 u1 (invariant).
(2) p = 0, g is arbitrary, λ = 0 and X = 2ra+d4a2 u1 + x4u4 (invariant).
1.41.10 : r + p(p+ 1) 6= 0, g is arbitrary, λ = 0 and X = r+p(p+1)2a u1 (invariant).
1.41.12 : r 6= 0, g is arbitrary, λ = 0 and X = − r2au1 (invariant).
1.41.15,1.41.16 and 1.41.17 : 2εa+ d 6= 0, g is arbitrary, λ = 0 and
X = x1u1 − 2εa+d4a2 u4 (invariant).
1.41.21 and 1.41.22 : g is arbitrary, λ = 0 and
X = x1u1 + x2u2 − ε2au4 (invariant if x2 = 0).
2.21.2 : p 6= ±2, g is arbitrary, λ = 0 and X = − p2−44ap u4 (invariant).
2.21.3 with one of the following conditions:
(1) g is arbitrary, λ = 0 and X = x1u1 − 14au4 (invariant if x1 = 0).
(2) g with b = 0, λ is arbitrary and
X = x1u1 − λu2 + 2cλ−14a u4 (invariant if λ = x1 = 0).
2.51.3 and 2.51.4 : 2r + h− 12h2 6= 0, g is arbitrary, λ = 0 and
X = 4r+2h−h
2
4a u1 (invariant).
2.52.2 : p 6= r, g is arbitrary, λ = 0 and X = p−r
a
u1 (invariant).
3.31.1 : p 6= 0, g is arbitrary, λ = 0 and X = p
a
u1 (invariant).
3.32.1 : p 6= 0, g is arbitrary, λ = 0 and X = p
a
u1 (invariant). ✷
It is easy to check that vector fields X of any causal character occur in the list of vector fields
determining homogeneous Ricci solitons in the proof of Theorem 3.1. In particular, several examples
occur where X is a light-like vector field.
4. Geometric properties of four-dimensional homogeneous Ricci solitons
By Theorem 3.1, there exist a large number of four-dimensional pseudo-Riemannian homogeneous
Ricci solitons with non-trivial isotropy. It is a natural problem to investigate the geometry of these
examples, for instance whether they are gradient Ricci solitons, their curvature properties and their
relationship with some other geometric structures. Readers interested in the geometry of the homoge-
neous Ricci soliton metrics can easily work out several interesting cases from the above classification.
A few remarkable behaviours are listed below.
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4.1. Gradient Ricci solitons. We recall that a gradient Ricci soliton is a pseudo-Riemannian
manifold (M, g), together with a smooth function f on M , such that equation (1.1) holds with
X = Hess(f). Several classification and rigidity results hold in the specific case of gradient Ricci
solitons. Some examples may be found in [4],[27],[28],[29].
A gradient Ricci soliton (M, g) is said to be rigid if it is isometric to a quotient of N ×Rk, where
N is an Einstein manifold and the potential function is a generalization of the Gaussian soliton (i.e.,
h = λ2 ‖x‖2 on the Euclidean factor). Any homogeneous Riemannian gradient Ricci soliton is rigid
([28]) and any homogeneous Lorentzian gradient Ricci soliton (M, g) is rigid if dimM ≤ 4 ([5]). By
[12], a non-reductive homogenous gradient Ricci soliton in dimension four is rigid, but the neutral
signature case for a general homogeneous gradient Ricci soliton is still open.
If X is (locally) a gradient, then the one-form ωX dual toX must be closed. Checking this condition
for the Ricci solitons listed in Theorem 3.1, we obtain the following.
Proposition 4.1. Let (M, g,X) be any of the homogeneous Ricci solitons listed in Theorem 3.1, where
(M = G/H, g) is a four-dimensional pseudo-Riemannian homogeneous space and X ∈ m a solution
of (1.1). The one-form ωX dual to X is never closed in the following cases:
1.12 : 2;
1.31 : 1, 6, 7, 8, 11, 14, 19, 20, 21 and 22;
1.14 : 10, 12, 15, 16 and 17;
2.21.2;
2.51 : 3 and 4;
2.52.2;
3.31.1;
3.32.1.
In the remaining cases, ωX is closed under some restrictions on either the invariant metric g or the
coefficients describing the Lie algebra.
Thus, in all the cases listed in Proposition 4.1, the homogeneous Ricci soliton cannot be a gradient
one.
4.2. Conformally flat examples. In general a pseudo-Riemannian manifold (M, g) of dimension
n ≥ 4 is (locally) conformally flat if and only if
W = R− 1
n− 2(̺−
τ
n
g)⊙ g − τ
2n(n− 1)g ⊙ g = 0,
where W is the Weyl curvature tensor, τ the scalar curvature of (M, g) and ⊙ denotes the Kulkarni-
Nomizu product of two symmetric two-tensors. With regard to homogeneous Ricci soliton metrics
listed in Theorem 3.1, we have the following.
Theorem 4.2. A four-dimensional homogeneous Ricci soliton (M, g) (with non-trivial isotropy), as
classified in Theorem 3.1, is conformally flat if and only if it corresponds to one of the following cases:
1.11.1;
1.12.1;
1.31.2; 1.31.5, (1) with 2c = −pd; 1.31.7 with 2c = −d; 1.31.8; 1.31.9 with p = −1; 1.31.19 with
b = 0; 1.31.21 with either p = 12 or b = 0; 1.3
1.28 with b = 2d;
1.41.2 with b = 0 6= d; 1.41.9 with p = −1/2 and r = −a+4d4a ; 1.41.15 with d = −a;
2.21.2; 2.21.3;
2.52.2 with s = 0;
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3.31.1;
3.32.1.
A conformally flat Einstein pseudo-Riemannian manifold is of constant curvature and so, symmetric.
Moreover, a conformally flat (locally) homogeneous Riemannian manifold is again (locally) symmetric
[32] (see [6] for some three-dimensional Lorentzian non-symmetric examples).
However, replacing the Einstein condition with its generalization (1.1), these rigidity results do not
hold any more. In fact, checking the (local) symmetry condition ∇R = 0 for the examples classified
in Theorem 4.2, we obtain the following.
Corollary 4.3. Examples 1.11.1, 1.12.1, 1.31.5, 1.31.7, 1.31.19, 1.31.21, 1.31.28, 1.41.9, 2.21.2
with b = 0 6= p, 2.21.3, 3.31.1 with r 6= 0 and 3.32.1 with r 6= 0, are four-dimensional conformally
flat pseudo-Riemannian homogeneous Ricci solitons which are not symmetric.
Lorentzian conformally flat gradient Ricci solitons were classified in [4]. In particular, the ones deter-
mined by light-like vector fields are necessarily steady. Among four-dimensional pseudo-Riemannian
homogeneous Ricci solitons with non-trivial isotropy, there are no examples which are at the same time
Lorentzian (non-gradient), non-steady and defined by a light-like vector field X ∈ m. However, there
exist such examples with metrics of neutral signature (2, 2). For example, 1.31.5, (1) is non-steady
and always defined by a light-like vector field, and is conformally flat when c = − 12pd.
4.3. Self-dual and anti-self-dual examples. Let (M, g) denote an oriented four-dimensional
pseudo-Riemannian manifold of signature (2, 2) and Λ2 the bundle of bi-vectors on M . The Hodge
star operator ∗ : Λ2 → Λ2 is the involution defined by
∗(e1 ∧ e2) = e3 ∧ e4, ∗(e1 ∧ e3) = e2 ∧ e4, ∗(e1 ∧ e4) = −e2 ∧ e3,
where {e1, e2, e3, e4} is a local oriented pseudo-orthonormal frame field of M , with e1, e2 space-like
and e3, e4 time-like vector fields. Let Λ
+ and Λ− denote the subbundles of Λ2 corresponding to the
eigenvalues ±1 of ∗, and R : Λ2 → Λ2 the curvature operator defined from the curvature tensor R of
g by
g(R(X ∧ Y ), Z ∧ T ) = g(R(X,Y )Z, T ).
Then, R admits an SO0(2, 2)-irreducible decomposition
R = τ
12
IdΛ2 + B +
( W+ 0
0 W−
)
,
where τ is the scalar curvature, B the traceless Ricci tensor and W± are the operators on Λ± induced
by the Weyl conformal tensor W . Observe that the metric g is Einstein exactly when B = 0, con-
formally flat when W = 0. The metric g said to be self-dual (respectively, anti-self-dual) if W+ = 0
(respectively, W− = 0).
A conformally flat metric is trivially both self- and anti-self-dual. Looking for (anti-)self-dual
metrics, among the Ricci soliton metrics classified in Theorem 3.1 but not included in Theorem 4.2,
we can find several examples. In particular:
(a) 1.31.1 is self-dual when d(bd− c2) = 0 and never anti-self-dual;
(b) 1.31.3 is never self-dual and always anti-self-dual.
4.4. Existence of examples which are not solvsolitons. A solvsoliton is a Ricci soliton left-
invariant metric g on a solvable Lie group G. All known examples of homogeneous Riemannian
Ricci soliton metrics on non-compact homogeneous manifolds are isometric to some solvsolitons ([21],
Remark 1.5). On the other hand, some of the examples listed in Theorem 3.1 show that there
exist homogeneous (and also invariant) pseudo-Riemannian Ricci solitons which are not isometric to
solvmanifolds. In fact, we found some homogeneous and invariant Ricci solitons in cases 1.31.1 and
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1.41.2. It is easily seen that such homogeneous pseudo-Riemannian manifolds correspond respectively
to cases B1 and A2 in the classification of non-reductive four-dimensional homogeneous pseudo-
Riemannian manifolds obtained in [17] (see also [10]). These spaces are diffeomorphic to R4 [17]
and so, non-compact. As they do not admit any reductive decomposition, obviously they cannot be
isometric to any Lie group (solvable or not).
4.5. On the Segre type of the Ricci operator of the examples. By definition, the Ricci operator
Q of a pseudo-Riemannian manifold (M, g) is defined by g(Q(X), Y ) = ̺(X,Y ), for all tangent vector
fields X,Y . Since the Ricci tensor ̺ is symmetric, the Ricci operator Q is self-adjoint. Hence, if g is
Riemannian, then Q is diagonalizable, as there always exists a local orthonormal basis of eigenvectors
for Q. On the other hand, in general pseudo-Riemannian settings, a self-adjoint operator needs not be
diagonalizable, and its different canonical forms (Segre types) are determined accordingly to the roots
of the minimal polynomial. For all the left-invariant Ricci solitons on three-dimensional Lorentzian
Lie groups, the Ricci operator is not diagonalizable with a unique eigenvalue of multiplicity three [3].
A similar behaviour is found for Ricci soliton homogeneous metrics of non-reductive four-dimensional
homogeneous manifolds [10].
Following the standard terminology (see for example [31, Section 5.1], to which we may refer for
more details), given a self-adjoint operator with respect to a nondegenerate inner product, its Segre
type lists between square brackets the sizes of Jordan blocks in the decomposition of the operator.
In particular, for the Ricci operator Q of a four-dimensional Lorentzian manifold, the possible cases
are the following:
(1) Segre type [111, 1]: Q is diagonalizable.
(2) Segre type [11, 11¯]: Q has two real eigenvalues (which may coincide) and two complex conjugate
eigenvalues.
(3) Segre type [11, 2]: Q has three real eigenvalues (some of which may coincide), one of which
has multiplicity two and each associated to a one-dimensional eigenspace.
(4) Segre type [1, 3]: the Ricci operator has two real eigenvalues (which may coincide), one of
which has multiplicity three and each associated to a one-dimensional eigenspace.
In the above list, the comma separates eigenvalues corresponding to space-like eigenvectors from those
corresponding to time-like and light-like eigenvectors. In the different cases, round brackets are used
to group together different blocks referring to the same eigenvalue (when this occurs, in this context
the self-adjoint operator is said to be “degenerate”, clearly not in the usual sense).
In the same way (see [31]), Segre types of the Ricci operator of a pseudo-Riemannian metric of
neutral signature (2, 2) are classified into cases [11, 11], [1, 111¯], [11¯11¯], [1, 12], [22], [211¯], [22¯], [13],
[1, 3] and [4]. For instance, in the cases 1.12.6,7, the homogeneous metric gabcd given by (2.5) is a
Ricci soliton if and only if b = 0. Equations (2.5) and (3.1) yield that the Ricci operator is then given
by
Q =


ε
a
0 0 0
0 − b
bc−d2
0 0
0 0 ε
a
0
0 0 0 − b
bc−d2


and thus, Q is diagonalizable (more precisely, of Segre type [(11)(1,1)] when gabcd is Lorentzian, and
[(11),(11)] when it is neutral).
Clearly, the cases of Segre type [(111, 1)] and [(11, 11)] respectively identify the invariant Einstein
Lorentzian and neutral metrics, of four-dimensional pseudo-Riemannian manifolds, where Q is diag-
onalizable and all Ricci eigenvalues coincide.
In the cases under study, following a case-by-case argument, one can determine by standard calcu-
lations the Segre types of the Ricci operator occurring for all examples of homogeneous Ricci solitons.
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However, this would be a long task to undertake in the present paper, and often the same family
of invariant metrics contains examples with Ricci operators of different Segre types. For this rea-
son, we limit ourselves to point out that Ricci solitons examples turn out to concern only a few
non-diagonalizable Segre types of the Ricci operator:
(a) Segre type [(1,12)] (for example, in case 2.21.3);
(b) Segre type [(11,2)] (for example, in case 1.31.8);
(c) Segre type [(2,2)] (for example, in case 1.31.28).
4.6. Examples which are not Ka¨hler. In the Riemannian case, most of the known examples of
non-trivial Ricci solitons correspond to Ka¨hler metrics (Ka¨hler-Ricci solitons), that is, they admit a
Ka¨hler structure and equation (1.1) holds for a holomorphic vector field X (see [13, 16] and references
therein). However, we have the following result.
Theorem 4.4. None of the examples listed in Theorem 3.1 is (pseudo-)Ka¨hler.
Proof. Invariant pseudo-Ka¨hler structures on four-dimensional homogeneous pseudo-Riemannian
manifolds with non-trivial isotropy were classified by the present authors in [11]. Comparing the
classification of invariant Ka¨hler metrics given in [11] with the one of invariant Ricci soliton metrics
listed in Theorem 3.1, it turns out that the only candidates as Ka¨hler-Ricci solitons would be 1.12 :
1,6,7. However, in these cases, none of vector fields satisfying (1.1) is holomorphic.
As an example, we report the computations for 1.12.1. By Theorem 3.1, the invariant metric g
described in (2.5) is a Ricci soliton if and only if b = 0. This is also a Ka¨hler metric [11]. In fact, g is
compatible with the two-parameter family of complex structures
Jαβ = ±


0 0 1 0
0
√−αβ − 1 0 α
−1 0 0 0
0 β 0 −√−αβ − 1

 ,
for any real constants α, β such that −αβ − 1 ≥ 0, and the pair (g, Jαβ) is pseudo-Ka¨hler if and only
if
c(α− β) + d
√
−αβ − 1 = 0.
Again by Theorem 3.1, vector fields for which g satisfies (1.1) are given by
X =
4a2 + d2 − 2λa2c
8a2d
u2 +
1
2
λu4,
for any real value of λ. A standard calculation yields that LXJαβ 6= 0. Therefore,X is not holomorphic
✷
By the same argument used above, one can ask whether there exist homogeneous examples of
paraKa¨hler-Ricci solitons, that is, invariant paraKa¨hler metrics, satisfying equation (1.1) for a para-
holomorphic vector field X . However, when we compare four-dimensional invariant paraKa¨hler met-
rics, as classified in [11], with the invariant Ricci soliton metrics listed in Theorem 3.1, we do not find
invariant metrics which are both paraKa¨hler and also Ricci solitons.
We remark that examples of invariant nontrivial Ricci solitons have also been found among four-
dimensional paraKa¨hler Lie algebras ([7],[8]).
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